Abstract-Simulation and control of a system containing compliant mechanisms such as cardiac catheters often incur high computational costs. One way to reduce the costs is to approximate the mechanisms with Pseudo-Rigid-Body Models (PRBMs). A PRBM generally consists of rigid links connected by spring-loaded revolute joints. The lengths of the rigid links and the stiffnesses of the springs are usually chosen to minimize the tip deflection differences between the PRBM and the compliant mechanism. In most applications, only the relationship between end load and tip deflection is considered. This is obviously not applicable for MRI-actuated catheters which is actuated by the coils attached to the body. This paper generalizes PRBM parameter optimization to include loading and reference points along the body.
I. INTRODUCTION
MRI-actuated catheters, proposed in [1] , is a new robotic catheter for catheter ablation of atrial fibrillation. It uses MRI's soft-tissue visualization capability for navigation and its strong magnetic field for steering. The catheter is made of a flexible tube with current-carrying coils attached to its body as shown in Fig. 1 . The coils are capable of producing mutually orthogonal magnetic moments that are used to deflect the catheter under MRI's magnetic field. Deflection is controlled by varying the currents going through the coils and calculating exactly how much current is needed to deflect the catheter to a desired position requires a good model of the catheter.
Pseudo-Rigid-Body Models (PRBMs) have been used to model compliant mechanisms in various applications [2] . PRBMs are useful because they reduce the degrees of freedom (DOF) of the mechanism down to a finite one. This makes simulation and control of a system containing compliant mechanisms more tractable. A PRBM often consists of rigid links joined by revolute joints. The compliance of the mechanism is represented by springs attached to the joints. The accuracy of a PRBM increases with the number of joints it has. On the other hand, high DOF leads to high computational cost. One way to reconcile the two opposing goals is to fix the DOF to a reasonable value, and optimize spring stiffnesses and link This work was supported in part by the National Science Foundation under grant CISE IIS-1524363, and National Institutes of Health under grant R01 EB018108.
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Previous work on PRBM parameter optimization consider tip deflection under tip loading [3] - [6] . This is not sufficient for the MRI catheter for several reasons. First, the coils actuate the catheter by creating torques on the body of the catheter. Thus, parameters optimization has to be able to take loadings along the body into account. Moreover, since the actuation torques are proportional to the cross product between the magnetic moments at the coils and MRI's magnetic field, the orientations of the coils are essential for calculating the catheter deflections resulting from the currents sent to the coils [7] . So, the objective function of the optimization problem has to include configurations of points along the body of the mechanism as well.
This paper presents parameter optimization of a PRBM with n revolute joint under combined loading. Parameter optimization is generalized by consideration of external loads and reference points on the body of the PRBM. The optimization algorithm compares static deflections of the PRBM and the continuum model under a set of loads and chooses link lengths and spring stiffnesses that minimize the difference between the two models. The continuum model used as the reference model is presented in [8] , [9] .
The optimization problem is difficult to solve for several reasons. First, there are many local minima because the relationship between PRBM parameters and the resulting deflections is nonlinear. Moreover, the dimension of the problem is relatively large. Each new link introduces one link length and at least one spring stiffness. Finally, objective function evaluation takes a long time because solving for many static deflections is required. To address these problems we use Particle Swarm Optimization (PSO) to overcome non-convexity of the problem. We sidestep the other two problems by breaking the optimization down into subproblems. This helps keeping PSO focus its computation effort on a more relevant subspace as the dimension of the problem grows.
The rest of the paper is organized as follows. Parameter optimization algorithm is described in Section II. Parameter optimization of the MRI catheter is presented in Section III. Conclusions are presented in Section IV.
II. PARAMETER OPTIMIZATION ALGORITHM
Parameter optimization of a PRBM consists of two parts. First, static deflections of the PRBM under different external loads are calculated. Then the optimization algorithm compares the configurations of the PRBM with those of the continuum model under the same loads and makes adjustments to the parameters of the former. Calculation of static deflections under given external loads is described in Section II-A. The optimization problem is formulated in Section II-B. Finally, the optimization algorithm is presented in Section II-C.
A. Static Configuration Calculation
A static deflection occurs when the joint torques from the load equal to the internal joint torques from the springs, namely,
The stiffness matrix K ∈ R n×n is a diagonal matrix with spring stiffness coefficients as its diagonal elements. The joint angle vector θ ∈ R n specifies how much each of the catheter's n joints bends. The manipulator Jacobian J i (θ) ∈ R 6×n associated with the coordinate frame of the external load is written in the body frame [10] . The external load is a wrench F i ∈ R 6 that consists of a force f i ∈ R 3 and a joint torque τ i ∈ R 3 . Joint angles that satisfy this condition can be calculated by solving (1) iteratively.
B. Problem Formulation
The optimization algorithm adjusts link lengths and spring stiffnesses of the PRBM such that its static deflections match those of the continuum model under the same set of external loads. The closeness of the two models are determined from the configurations of a set of reference points on the two models. The parameter optimization problem is given by,
The inner summation sums over all reference points, q ∈ Q, where |Q| denotes the number of reference points. Each term
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inside the summation consists of x hij ∈ R 3 and u hij ∈ R 3 , which are the position and orientation of the coordinate frame attached to the reference point q j on the PRBM subjected to external load F i ∈ F h applied at loading point p h . Similarly,x hij andû hij are the position and the orientation of the corresponding point from the reference model subjected to the same load. The positions, x hij andx hij , are made dimensionless by normalizing them with the length of the catheter. The orientations, u hij andû hij , are unit vectors tangent to the body of the catheter at the reference point.
The weights, denoted by α i and β i specify the relative importance of the position and the orientation of the ith reference point. The next summation sums over all external loads, F ∈ F h , at the hth loading point, where |F h | denotes the number of external loads. The outermost summation in the objective function sums over all loading points, p ∈ P, where |P| denotes the number of such points.
The objective function (2a) is the cumulative weighted sum of the orientation errors and the position errors of the reference points under all external loads at all loading points. The optimization is performed over normalized link lengths and spring stiffnesses denoted by r ∈ R n+1 and k ∈ R n . The lengths and stiffnesses are bounded from above and below by (2b) and (2c) to limit the search in a reasonable region. Finally, The sum of the lengths must also be equal to the total length as specified by the constraint (2d).
As a concrete example of (2), consider a catheter and its PRBM is illustrated in Fig. 2 . Since we wish to match the positions and orientations of the coils and the tip, the reference points, Q = {q 1 , q 2 , q 3 }, are placed at the two coils and the tip, respectively. The loading points, P = {p 1 , p 2 , p 3 }, are also located at the two coils and the tip. The loadings F 1 and F 2 at p 1 and p 2 represent the actuations and the weights of the coils. The loading F 3 at p 3 represents the contact force the catheter will experience during ablation. We wish to determine the lengths [r 1 , r 2 , r 3 , r 4 , r 5 ] and [k 1 , k 2 , k 3 , k 4 ] that minimize the position and angular errors of all reference points in q ∈ Q when the catheter is subjected to all wrenches F ∈ F h at all loading points p h ∈ P. for all p ∈ P do 3: Construct subproblem P from the corresponding p, F ∈ F, and q ∈ Q
4:
Use prior solutions for the constraints (2b) and (2c) 5: Solve P for r and k using PSO 6: end for 7: return r, k of the last subproblem 8: end procedure
C. Optimization Algorithm
Since the optimization problem is non-convex, a global optimization such as Particle Swarm Optimization (PSO) is chosen. PSO maintains a set of particles that is updated every iteration. Each particle maintains its personal best and its current velocity. The particles interact with one another by changing its velocity towards its personal best as well as the global best [11] .
It is possible to attempt to solve the problem described in (2) directly. However, solving the optimization problem for all of the parameters simultaneously using all possible loads and their effects on all reference points can be computationally expensive. To alleviate the problem, the optimization problem is decomposed into subproblems in which the solutions of the previously solved subproblems are used to initialize the latter ones.
The optimization problem is decomposed as follows. First, only the first reference point and the loading points between the base and the first reference point is considered. In the next subproblem, one reference point and the loading points between the base and the new reference point are considered. The solution of the first subproblem is used to setup appropriate bounds on the lengths and stiffnesses of the new subproblem. The last subproblem eventually contains all original loading and reference points and its objective function is the same as the original problems, but its bounds on the lengths and the stiffnesses are much tighter, which allow the particles to be distributed more efficiently. The optimization algorithm is summarized in Algorithm 1.
For example, consider the PRBM depicted in Fig. 2 . First, only q 1 and the loadings at p 1 are considered. The solution to this first subproblem is r 1 , r 2 , k 1 , and k 2 . In the second subproblem, q 1 and q 2 , and the loadings at p 1 and p 2 are considered. The solution from the first subproblem is used to setup the bounds for this subproblem. Finally, all reference and loading points are considered in the third subproblems.
III. PARAMETER OPTIMIZATION A PRBM OF MRI-ACTUATED CATHETERS
This section presents parameter optimization of the PRBM for MRI-actuated catheter depicted in Fig. 2 . Since the catheter has two sets of coils, a PRBM with four joints is chosen. The first three joints from the base of the catheter give the PRBM enough degrees of freedom to deflect when the coils are energized. The last joint represents the compliance of the catheter when in contact with a surface. The external loads include the torques and the weight of the coils, and forces exerted to the tip. While real data is more desirable, the continuum model gives more flexibility in terms of the ability to generate a richer data set for parameter identification. The parameters of the continuum model are listed in Table I [ 8] .
Since the catheter is axially symmetric, parameter optimization is performed only in the xz-plane. So, only forces in the xz-plane and the torques along the y-axis are considered in the optimization. The result are validated in a 3-dimensional setting afterwards.
The optimization problem is decomposed into three subproblems. The first subproblem concerns the first coil set and its effects on the orientation and the position of the coil set itself. That is, [r 1 , r 2 ], [k 1 , k 2 ] are calculated from the loading at the first coil set with the reference point on the coil. The Table IV , but the directions are altered so that the catheter bends in different quadrants under different loads.
forces and moments applied at the first coil set, denoted by f 1x and τ 1y , are listed in Table II The parameters calculated from the three subproblems are listed in Table III . The results are validated using a set of external loads listed in Table IV . The RMS errors of the positions and the orientations of the reference points subjected to different external loads are listed in Table V . The position errors are the distance between the reference point on the continuum model and the PRBM subjected to the same load. The errors are then averaged over the range of loading as in Table IV . The average errors of the orientation are calculated in a similar manner using the orientation of the reference points. The results show that the PRBM closely approximates the continuum model with maximum errors of 2.81 × 10 
IV. CONCLUSIONS
A general method for parameter optimization of a PRBM is presented in this paper. The method extends the current PRBM parameter optimization by including external loads and reference points along the body. The optimization is simplified by solving subproblems sequentially. Particle Swarm Optimization is used in the optimization procedure. Simulation results are presented. The results demonstrate that the PRBM successfully approximates the continuum catheter model.
